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COMPARISON AND VANISHING THEOREMS FOR KA¨HLER
MANIFOLDS
LEI NI AND FANGYANG ZHENG
Abstract. In this paper, we consider orthogonal Ricci curvature Ric⊥ for Ka¨hler man-
ifolds, which is a curvature condition closely related to Ricci curvature and holomorphic
sectional curvature. We prove comparison theorems and a vanishing theorem related
to these curvature conditions, and construct various examples to illustrate their sub-
tle relationship. As a consequence of the vanishing theorem, we show that any com-
pact Ka¨hler manifold with positive orthogonal Ricci curvature must be projective. The
simply-connectedness is also shown when the complex dimension is smaller than five.
1. Introduction
There are several relatively recent works on comparison theorems on Ka¨hler manifolds.
In [15], for a Ka¨hler manifold (Mm, g), Li and Wang introduced the condition “bisectional
curvature bounded from below by a constant λ” defined as
R(Z,Z,W,W ) ≥ λ
(
|Z|2|W |2 + ∣∣〈Z,W 〉∣∣2) (1.1)
for any (1, 0) vectors Z,W ∈ T ′M satisfying either 〈Z,W 〉 = 0 or Z = W , where the
complexified tangent space TCM = T
′M ⊕ T ′′M , namely is decomposed (with respect to
the almost complex structure C) into the holomorphic subspace (T ′M) and antiholomorphic
subspace (T ′′M). Let m be the complex dimension ofM and n = 2m be the real dimension.
Here 〈·, ·〉 is the bilinear extension of the Riemannian product and the curvatureR follows the
convention of [31]. Under this condition the authors derived the complex Hessian comparison
theorem for the distance function ρp(x) to a fixed point p of any Ka¨hler manifold M with
the bisectional curvature bounded from below, with the corresponding distance function of a
complex space form with constant holomorphic sectional curvature 2λ. (For the case λ = 0,
the result can also be derived from the Li-Yau-Hamilton type estimate for the heat kernel
[3].) The authors of [15] also derived a diameter estimate (for λ > 0) as well as a volume
comparison result. More recently, the volume comparison result was generalized to the
distance function to a complex submanifold by Tam and Yu in [30]. The reformulation in [30]
seems stronger than the original one stated above by demanding (1.1) on all Z,W ∈ T ′M .
In [17], the partial complex Hessian (only in the complex plane spanned by {∇ρ, C(∇ρ)}
with C being the almost complex structure) comparison theorem was proved under the
assumption of the holomorphic sectional curvature is nonnegative. This result plays the
crucial role [17] in establishing the three-circle property for holomorphic functions on such
Ka¨hler manifolds. More recently, in [37], the projectivity was proved for compact Ka¨hler
manifolds with positive holomorphic sectional curvature. The common theme of the papers
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involving the comparison theorems is that the results were derived by applying the Bochner
formula to the length of the gradient ‖∇ρ‖(= 1) in a similar spirit as the proofs of the Hessian
and Laplacian comparison theorems in [2, 9] (cf. also [26], where the Hessian comparison
was made almost trivial for the case that the curvature is bounded from above), and [5]
respectively. Namely they are based on Ricatti’s type inequality on the Hessian of ρ, or the
Bochner formula applying to ‖∇ρ‖, instead of the more classical approach of Rauch via the
comparison of the index forms and Jacobi fields. On the other hand, the consideration via the
second variation and the index forms has a lot of success in understanding the geometry and
topology of the Riemannian manifolds. Even for Ka¨hler manifolds with positive holomorphic
sectional curvature there exists the work of Tsukamoto on the diameter estimate and the
simply connectedness [32]. Note that the diameter estimate of Li-Wang is a special result
of Tsukamoto since the lower bound on the bisectional curvature posed by (1.1) implies
that the holomorphic sectional curvature H(Z) = R(Z,Z, Z, Z) ≥ 2λ|Z|4. There are also
Leftschez type theorems for complex or Levi flat real submanifolds in a nonnegatively curved
Ka¨hler manifold utilizing the index estimates of the energy functional such as [28] and [24].
Despite the work and the effort mentioned above the Ka¨hler analogue of the sharp volume
comparison (Bishop type) and the sharp diameter estimate (Bonnet-Myers type) are still
elusive. One goal of this paper is to apply the second variational/index form consideration
to the Ka¨her setting and prove several comparison and rigidity results generalizing some
of the results mentioned above with the hope of bridging the gap between the Riemannian
and Ka¨hler setting. Another goal is to study a condition which is complementary to the
holomorphic sectional curvature. Namely we shall study the comparison and vanishing
theorems under conditions on the orthogonal Ricci curvature. The vanishing theorem proved
in this paper implies the projective embedding (namely projectivity of the underlying Ka¨hler
manifold) related to this curvature condition. This suggests that an algebraic geometric
characterization of such Ka¨hler manifolds perhaps is an interesting problem in view of the
Fano varieties characterized via the Yau’s solution to the Calabi conjecture.
Before getting into the statement of the result, we first recall various notions of curvature
for Ka¨hler manifolds. If Z = 1√
2
(
X −√−1C(X)) ,W = 1√
2
(
Y −√−1C(Y )), the first
Bianchi gives the following expansion in terms of real vectors
R(Z,Z,W,W ) = R(X,C(X), C(Y ), Y ) = R(X,Y, Y,X) +R(X,C(Y ), C(Y ), X).
Besides the bisectional curvature, there exists the notion of the orthogonal bisectional
curvature R(Z,Z,W,W ) for any pair Z,W with 〈Z,W 〉 = 0. Note that 〈Z,W 〉 = 0 means
that 〈X,Y 〉 = 〈X,C(Y )〉 = 0. The holomorphic sectional curvature can be expressed as
R(Z,Z, Z, Z) = R(X,C(X), C(X), X).
For the sake of convenience in writing, we will sometimes use H to denote the holomorphic
sectional curvature and B⊥ to denote the orthogonal bisectional curvature.
Clearly the lower bound on holomorphic sectional curvature, on orthogonal bisectional
curvature, or on bisectional curvature, are quite different assumptions. There are unitary
symmetric metrics on Cm with nonnegative orthogonal bisectional curvature (abbreviated as
(NOB)) but not with nonnegative bisectional curvature. There even exists algebraic Ka¨hler
curvature R with nonnegative holomorphic sectional curvature and nonnegative orthogonal
bisectional curvature, but not nonnegative bisectional curvature [29]. There is also a weaker
notion called quadratic orthogonal bisectional curvature, or quadratic bisectional curvature
for short, denoted as QB, which is defined for any real vector {ai}mi=1 and any unitary frame
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{Ei} of T ′M , QB(a) =
∑
i,j Ri¯ijj¯(ai − aj)2. Its nonnegativity, abbreviated as (NQOB),
means that QB(a) ≥ 0 for any a and any unitary frame {Ei}. This curvature condition was
formally introduced by Wu-Yau-Zheng in 2009 in [35], although it appeared implicitly in
the work of Bishop of Goldberg [1] in 1965 already, where they showed that compact Ka¨hler
manifold with positive bisectional curvature must have its second Betti number equal to 1.
The first example of compact Ka¨hler manifold with (NQOB) but not (NOB) was established
by Li-Wu-Zheng [16] in 2013, and shortly after, Chau-Tam [4] fully classified all (NQOB)
Ka¨hler C-spaces of classical types. See also [22] for the role of (NQOB) in solving the
Poincare´-Lelong equation. More recently in [21], a gap theorem and a Liouville theorem
were proved under (NOB) and nonnegative Ricci curvature.
Note that the nonnegative holomorphic sectional curvature does not imply the nonnegative
Ricci curvature as shown by Hitchin’s examples [10]. On the other hand, there exists the
notion of antiholomorphic Ricci curvature Ric⊥(X,X) (for any real vector X , coined for
example in [18], but no geometric implication of it was given) which is defined as
Ric⊥(X,X) =
∑
R(X, ei, ei, X) = Ric(X,X)− 1|X |2R(X,C(X), C(X), X),
where {ei} is any orthonormal frame of {X,C(X)}⊥. In view of the above notions of
(NOB) and (NQOB) it seems more sensible to called it orthogonal Ricci curvature. Let
Ei =
1√
2
(ei −
√−1C(ei)) be a unitary frame such that e1 = X|X| = X˜ . Following the
convention en+i = C(ei), direct calculation shows that
1
|X |2 Ric
⊥(X,X) = Ric⊥(X˜, X˜) = Ric(X˜, X˜)−R(X˜, C(X˜), C(X˜), X˜)
= Ric(E1, E1)−R(E1, E1, E1, E1) =
m∑
j=2
R(E1, E1, Ej , Ej).
Hence Ric⊥(X˜, X˜) = Ric(E1, E1) − R11¯11¯. Here we have also used that Ric(Ei, Ei) =
Ric(ei, ei). By Proposition 3.1 of [12] (see also [23]), the nonnegativity of quadratic or-
thogonal bisectional curvature implies the nonnegativity of the orthogonal Ricci curvature.
On the other hand, the example constructed there shows that there exist some unitary
symmetric metrics on Cm such that the curvature has nonnegative quadratic orthorgonal
bisectional curvature (hence the orthogonal Ricci curvature is nonnegative), but the Ricci
curvature is negative somewhere. In the later section of this paper we show examples of
metrics with even nonnegative orthogonal bisectional curvature (which is stronger than the
(NQOB)), but Ricci curvature, as well as the holomorphic sectional curvature, can be neg-
ative somewhere. This shows that the Ric⊥(·, ·) is a sensible notion for Ka¨hler manifolds,
and is different from the Ricci tensor. Nevertheless (NQOB) does imply the nonnegativity
of the scalar curvature as shown in [4, 23]. In fact the non-negativity of Ric⊥ also implies
the nonnegativity of the scalar curvature from the following estimate.
Lemma 1.1. The nonnegative orthogonal Ricci curvature implies the nonnegativity of the
scalar curvature S. In fact there exists the following pointwise estimate for m ≥ 2:
S(y) ≥ 2m(m+ 1)
m− 1 minZ∈S2m−1y ⊂T ′M
Ric⊥(Z,Z).
Since the nonnegativity of the quadratic orthogonal bisectional curvature (NQOB) implies
the nonnegativity of the orthogonal Ricci (abbreviated as Ric⊥ ≥ 0), Lemma 1.1 implies
the result on the nonnegativity of the scalar curvature of [4, 23]).
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Given any fixed point p, let ρ(x) be the distance function to p. The Hessian of ∇2ρ(·, ·)
can be extended bi-linearly to TCp M . Direct calculation shows that
∇2ρ(Ei, Ei) = 1
2
(∇2ρ(ei, ei) +∇2ρ(C(ei), C(ei))) .
This shows that ∆ρ =
∑m
i=1∇2ρ((Ei, Ei) = 12
∑m
i=1
(∇2ρ(ei, ei) +∇2ρ(C(ei), C(ei))). Here
{Ei} is a unitary frame. We define ∆⊥ the orthogonal Laplacian to be
∆⊥ρ = ∆ρ−∇2ρ(Z,Z)
where Z = 1√
2
(∇ρ−√−1C(∇ρ)). We call the last term holomorphic Hessian of ρ. The first
comparison theorem we prove is on the orthogonal Laplacian assuming the orthogonal Ricci
curvature comparison and the holomorphic Hessian comparison assuming the holomorphic
sectional curvature comparison.
Theorem 1.1. (i) Let (Mm, g) be a Ka¨hler manifold with Ric⊥ ≥ (m− 1)λ. Let (M˜, g˜) be
the complex space form with constant holomoprhic sectional curvature 2λ. Let ρ(x) be the
distance function to a point p (and ρ˜ be the corresponding distance function to a point p˜).
Then for point x, which is not in the cut locus of p,
∆⊥ρ(x) ≤ ∆⊥ρ˜ |ρ˜=ρ(x) = (m− 1) cotλ
2
(ρ).
(ii) Let (Mm, g) be a Ka¨hler manifold with holomorphic sectional curvature H ≥ 2λ. Let
(M˜, g˜) be the complex space form with constant holomoprhic sectional curvature 2λ. Let
ρ(x) (ρ˜) be the distance function to a complex submanifold P in M (P˜ in M˜). Then for x
not in the focal locus of P ,
∇2ρ(Z,Z)∣∣
x
≤ ∇2ρ˜(Z˜, Z˜)
∣∣∣
ρ˜=ρ(x)
.
Here Z = 1√
2
(∇ρ−√−1C(∇ρ)), Z˜ = 1√
2
(∇ρ˜−√−1C(∇ρ˜)). In particular, if λ = 0 and P˜
is a point
∇2ρ(Z,Z)∣∣
x
≤ 1
2ρ(x)
⇐⇒ ∇2 log ρ(Z,Z) ≤ 0.
Remark 1.2. The part (ii) was proved by G. Liu in [17] for the case that P and P˜ are two
points. The proof of [17] follows the argument in [15]. The results provide a generalization of
the comparison theorem proved in [15]. Besides the point that the proof here uses a different
argument, more importantly, the results signify the the geometric implications of orthogonal
Ricci curvature and holomorphic sectional curvature.
If both assumptions in (i) and (ii) are satisfied, the estimates in Theorem 1.1 implies the
volume comparison as in [15].
Corollary 1.3. Assume that (Mm, g) satisfies that Ric⊥ ≥ (m − 1)λ and H ≥ 2λ. Then
for any points x ∈M , x˜ ∈ M˜ , ∆ρ(x) ≤ ∆ρ˜|ρ(x), and for any 0 < r ≤ R,
V ol(B(x,R))
V ol(B(x, r))
≤ V ol(B˜(x˜, R))
V ol(B˜(x˜, r))
where B˜(x˜, R) is the ball in the complex space form. Equality holds if and only if B(x,R)
is holomorphic-isometric to the ball in the complex space form.
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Note that the lower bounds of the orthogonal Ricci and holomorphic sectional curvature
implies the Ricci lower bound Ric(X,X) ≥ (m+1)|X |2. But the comparison in the Ka¨hler
case is sharper than the Riemannian setting.
The first part of Theorem 1.1 can be generalized to the cases of complex hypersurfaces,
which can be viewed as the Ka¨hler version of Heintze-Karcher theorem [9] with the assump-
tion on the Ricci curvature being replaced by the orthogonal Ricci.
Theorem 1.4. Let (Mm, g) be a Ka¨hler manifold with Ric⊥ ≥ (m − 1)λ. Let (M˜, g˜) be
the complex space form with constant holomoprhic sectional curvature 2λ. Let ρ(x) be the
distance function to a complex hypersurface P (and ρ˜ be the corresponding distance function
to a totally geodesic complex hypersurface P˜ ). Then for point x, which is not in the focal
locus of P ,
∆⊥ρ(x) ≤ ∆⊥ρ˜ |ρ˜=ρ(x) = (m− 1) tanλ
2
(ρ).
Note that tanλ
2
(t) is a little different from the conventional trigonometric function. In fact
for λ > 0, tanλ
2
(t) = −
√
λ
2 ·
sin(
√
λ
2
t)
cos(
√
λ
2
t)
. The above result strengthens that the sensible notion
Ric⊥ is related to the orthogonal Laplacian ∆⊥. If one assumes additionally the bound on
the holomorphic sectional curvature, then one has the level hypersurface area comparison
result similar to that of [9], but sharper than the Riemannian setting due to Ka¨hlerity.
Similarly one can consider the orthogonal Hessian of a real function u to be ∇2u(Z,Z)
restricted to the space consisting of all Z ⊥ {∇u,C(∇u)}. By now it is natural to infer that
the orthogonal bisectional curvature gives comparison theorem for the orthogonal Hessian.
Theorem 1.5. Let (Mm, g) be a Ka¨hler manifold with R(Z,Z,W,W ) ≥ λ|Z|2|W |2 for
any Z ⊥ W (namely the orthogonal bisectional curvature is bounded from the below by
λ, which we abbreviate as B⊥ ≥ λ). Let (M˜, g˜) be the complex space form with constant
holomoprhic sectional curvature 2λ. Let ρ(x) be the distance function to a point p (and ρ˜
be the corresponding distance function to a point p˜). Then for point x, which is not in the
cut locus of p, restricted to the spaces of vectors Z which are perpendicular to {∇ρ, C(∇ρ)}
(as well as to {∇ρ˜, C(∇ρ˜)})
∇2ρ(x) ≤ ∇2ρ˜ |ρ˜=ρ(x) .
A similar argument as in the classical Bonnet-Myers theorem implies that any complete
Ka¨hler manifold whose Ric⊥ is bounded from below by a positive constant must be compact.
This implies that any compact Ka¨hler manifold with positive orthogonal Ricci curvature
must have finite fundamental group.
For compact Ka¨hler manifolds, in the following we will focus on the relation between
the holomorphic sectional curvature H , the Ricci curvature Ric, and the orthogonal Ricci
curvature Ric⊥. In terms of their strength, all three notions of curvature are sitting between
bisectional curvature and scalar curvature, in the sense that when the bisectional curvature
is positive, all three are positive, while when any one of them is positive, the scalar curvature
is positive.
However, the relationship between these three curvature conditions is quite subtle, except
the fact that Ric = H + Ric⊥. By Yau’s solution to the Calabi conjecture [39], compact
Ka¨hler manifolds with positive Ricci are exactly the projective manifolds with positive first
Chern class, namely the Fano manifolds.
6 LEI NI AND FANGYANG ZHENG
For compact Ka¨hler manifolds with positive H , it was conjectured by Yau (cf. Problem
47, [40]), and recently proved by X. Yang [37] that such manifolds are all projective. Hence
by the recent work of Heier and Wong [8] (see also [37] for an alternative proof) they are
all rationally-connected, meaning that any two points on the manifold can be joined by a
rational curve. On the other hand, it was conjectured by Yau also that any rational or
unirational manifold admits Ka¨hler metrics with positive H . But this is far from being
settled, as even on the surface P2#2P2, the blowing up of P2 at two points, it is still an
open question whether there exists such a metric.
It is certainly a natural question to understand the class of compact Ka¨hler manifolds with
positive Ric⊥. We propose the following:
Conjecture 1.6. Let Mm (m ≥ 2) be a compact Ka¨hler manifold with Ric⊥ > 0 every-
where. Then for any 1 ≤ p ≤ m, there is no non-trivial global holomorphic p-form, namely,
the Hodge number hp,0 = 0. In particular, Mm is projective and simply-connected.
Let us first explain the “in particular” part in the above conjecture. Note that once we
have the vanishing of hp,0 for all 1 ≤ p ≤ m, then the vanishing of h2,0 implies that Mm is
projective. Also, now since
χ(OM ) = 1− h1,0 + h2,0 − · · ·+ (−1)mhm,0 = 1,
where OM is the structure sheaf, we know that such a manifold Mm must be simply-
connected since π1(M) is finite, and the Riemann-Roch theorem which asserts that the
arithmetic genus χ is given as the integral over M of a polynomial in Chern classes, as in
[13].
We remark that for Mm in the conjecture, h1,0 = 0 since π1(M) is finite, and h
m,0 = 0
since Mm has positive scalar curvature, thus the canonical line bundle cannot admit any
non-trivial global holomorphic section. In fact, its Kodaira dimension must be −∞ as it has
positive total scalar curvature. So the conjecture is really about the cases 2 ≤ p ≤ m− 1.
We also remark that, when m = 2, the only compact Ka¨hler surface with positive Ric⊥ is
(biholomorphic to) P2. This is becauseRic⊥ is equivalent to orthogonal bisectional curvature
B⊥ when m = 2. By a result of Gu and Zhang [7], any compact, simply-connected Ka¨hler
manifoldMm with positive B⊥ is biholomorphic to Pm since the Ka¨hler-Ricci flow takes any
such metric into a metric with positive bisectional curvature (see also an alternate argument
by Wilking in [33]). It would certainly be an interesting question to understand the class of
threefolds or fourfolds with the Ric⊥ > 0 condition. In this direction we prove the following
partial result.
Theorem 1.7. Let Mm (m ≥ 2) be a compact Ka¨hler manifold with Ric⊥ > 0 everywhere.
Then its Hodge numbers hm−1,0 = h2,0 = 0. In particular, Mm is always projective. Also,
it is simply-connected when m ≤ 4.
In fact in Section 4 a stronger result is shown. Namely h2,0 = 0 (hence M is projective) if
the average of Ric⊥ over two-planes is positive. An analogous result for 2-scalar curvature
was proved recently by authors [25].
For compact manifolds with Ric⊥ < 0, one can obtain the following analogue of a result
of Bochner [34], which implies the finiteness of the automorphism group of such manifolds.
Proposition 1.1. Let Mm be a compact Ka¨hler manifold with Ric⊥ < 0. Then there does
not exists any nonzero holomorphic vector field.
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It is an interesting question to find out whether or not such a manifold always admits a
metric of negative Ricci curvature. That is, if its first Chern class is negative, or equivalently,
if its canonical line bundle is ample.
Examples of Ka¨hler metrics concerning various curvatures mentioned above and their re-
lations can be found in sections 4-8. Among them we construct unitary complete Ka¨hler
metrics on Cm which have (NOB), positive Ricci, but negative holomorphic sectional cur-
vature somewhere. This answers affirmatively a question raised recently in [21].
2. Proof of comparisons
We first prove Lemma 1.1. It is an easy consequence of a result of Berger.
Proof. By a formula due to Berger, at any point p ∈M , a Ka¨hler manifold,
S(p) =
m(m+ 1)
V ol(S2m−1)
∫
|Z|=1,Z∈T ′pM
H(Z) dθ(Z).
On the other hand it is easy to check that
S(p) =
2m
V ol(S2m−1)
∫
|Z|=1,Z∈T ′pM
Ric(Z,Z) dθ(Z).
They imply that
m− 1
2m(m+ 1)
S(p) =
1
V ol(S2m−1)
∫
|Z|=1,Z∈T ′pM
Ric⊥(Z,Z) dθ(Z). (2.1)
The claimed result follows from (2.1) easily. 
One can also prove the following estimate on the holomorphic sectional curvature in terms
of the orthogonal Ricci curvature.
Corollary 2.1. When m ≥ 2, at any point p, for unitary Z ∈ T ′pM with Hp(Z) =
max|W |=1Hp(W ),
Hp(Z) ≥ 2
m− 1Ric
⊥(Z,Z).
In fact for anyW which is perpendicular to Z, Hp(Z) ≥ 2R(Z,Z,W,W ). Similarly if unitary
Z ′ ∈ T ′pM satisfying Hp(Z ′) = min|W |=1Hp(W ), then for unitary W ⊥ Z ′
Hp(Z
′) ≤ 2R(Z ′, Z ′,W,W ); Hp(Z ′) ≤ 2
m− 1Ric
⊥(Z ′, Z ′).
Proof. For any complex number a, b and Z,W ∈ T ′pM , it is easy to check that
H(aZ+bW ) +H(aZ−bW ) +H(aZ+√−1bW ) +H(aZ−√−1bW )
= 4|a|4H(Z) + 4|b|4H(W ) + 16|a|2|b|2R(Z,Z,W,W ).
For the unitary vector Z and W we choose a, b such that |a|2 + |b|2 = 1. Then if Z attains
the maximum of the holomorphic sectional curvature, for W ⊥ Z,
4H(Z) ≥ 4|a|4H(Z) + 4|b|4H(W ) + 16|a|2|b|2R(Z,Z,W,W ).
The estimate H(Z) ≥ 2R(Z,Z,W,W ) follows from the above. The claim on the orthogonal
Ricci follows easily. For the minimal holomorphic sectional curvature, one can simply flip the
above argument. A more direct approach is to consider function f(θ) = H(cos θZ ′+sin θW ).
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The second derivative test applying to f(θ) and the one replacing W by
√−1W implies the
claimed estimate. 
Before we prove the comparison theorem, let us recall some basics regarding the normal
geodesics, the Jacobi fields with respect to a submanifold, the distance function and the
tubular hypersurface with respect to a Riemannian submanifold P (only later we assume
that P is a complex submanifold). LetN (P ) denote the normal bundle of P . For any section
ν(x) of the normal bundle the exponential map expP can be defined as expx(ν(x)). First
recall the concept of the P -Jacobi field along a normal geodesic γu(η) with u = γ
′(0) ⊥ P
at p = γ(0). A Jacobi field J(η) is called a P -Jacobi field along P if it satisfies J(0) ∈ TpP
and J ′(0) − Aγ′(0)J(0) ⊥ TpP , where Au(·) is the shape operator in the normal direction
u. It is easy to check that if γ(η, t) is a family of normal geodesics, with γ(0, t) ∈ P
and Dγ
∂η
(0, t) ∈ T⊥
γ(0,t)P , J(η) =
D
∂t
γ(η, 0) is a P -Jacobi field. An elementary fact is that
d expP |ℓu is degenerate if any only if there exists a non-zero P -Jacobi field J(η) such that
J(ℓ) = 0. The point γu(ℓ) is called a focal point (with respect to P ). The boundary operator
DJ
∂η
−Aγ′(0)J(0) also arises from the second variation of the energy for a variation of pathes
γ(η, t) with the initial points in P and a fixed end point:
d2
dt2
∣∣∣∣
t=0
E(γ) =
∫ ℓ
0
|∇X |2 − 〈R(X, γ′)γ′, X〉 dη + 〈Aγ′(0)(X(0)), X(0)〉
with X = Dγ
∂t
(η, 0) being the tangent vector. Here E(γ) = ∫ ℓ
0
|Dγ
∂η
|2 dη. The polarization of
the right hand side is called the index form. Namely the index form I(X,Y ) is given by
I(X,Y ) =
∫ ℓ
0
〈∇X,∇Y 〉 − 〈R(X, γ′)γ′, Y 〉 dη + 〈Aγ′(0)(X(0)), Y (0)〉 − 〈Aγ′(ℓ)(X(ℓ)), Y (ℓ)〉.
Here the second boundary term enters only for the more general case that the ending points
γ(ℓ, t) lying inside another submanifold P ′. Allowing this flexibility is useful in [24, 28], but
not needed when consider the distance function ρ(x). We denote the index form (along γ)
with P ′ being a point as IPγ (·, ·) (otherwise we denote it as IP,P
′
γ (·, ·)).
An easy but useful observation is the following relation between the Hessian of the distance
function and the index form. Namely
Hessian(ρ)|ρ(x)=ℓ (X,Y ) = II∇ρ(X,Y ) = IPγ[0,ℓ](J1, J2) (2.2)
if Ji(η) are P -Jacobi fields (in the case P = {p} a point the assumption is equivalent to
Ji(0) = 0) and J1(ℓ) = X , J2(ℓ) = Y . Here II denotes the second fundamental form of hy-
persurface {x | ρ(x) = ℓ}. In short the Hessian of ρ, restricted to the subspace perpendicular
to ∇ρ, is the same as the index form, which in turn is the same as the second fundamental
form of the tubular hypersurface (of P ) with respect to the unit exterior normal ∇ρ.
Another useful result is the index comparison lemma.
Lemma 2.1. Assume that γ : [0, ℓ] is a normal geodesic originated from P . Assume that
there exists no focal point along γ. Let X and Y be two vector fields along γ with X being
a P -Jacobi field, such that Y (0) ∈ Tγ(0)P and X(ℓ) = Y (ℓ). Then
IPγ (X,X) ≤ IPγ (Y, Y ).
The equality holds if any only if Y (η) = X(η) for η ∈ [0, ℓ].
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One can refer to [27] (cf. Chaper III, Lemma 2.10). In fact for any such Y , there exists
a P -Jacobi field X such that Y (ℓ) = X(ℓ). An alternate proof is the following. First the
index form can be used (replacing the Dirichlet energy) to define a Reilly quotient on the
vector fields which are perpendicular to γ′(η) and are tangent to the submanifolds (in the
case P ′ = {x0}, requiring vanishing boundary at γ(ℓ)) at both ends. Then clearly the
associated infinimum, namely the associated eigenvalue (which satisfies a Robin boundary
condition at η = 0 and Dirichlet condition at η = ℓ) is very positive for ℓ small. The
positivity remains until a zero eigenvalue, namely a conjugate point (which is defined as
when a non-zero eigenvector satisfying the Euler-Lagrange equation of the index form with
suitable boundary condition, namely a P -Jacobi vector, can be obtained) is reached.
For complex space form a useful lemma for this case is the following.
Lemma 2.2. If (M˜m, g) is a Ka¨hler manifold with constant holomorphic sectional curvature
2λ. Let n = 2m be the real dimension and {e˜i} be a orthornormal then
Re˜n,e˜k e˜n =
λ
2
e˜k, if e˜k ⊥ e˜n, C(e˜n);Re˜n,e˜k e˜n = 2λe˜k, if e˜k = C(e˜n).
If one only wants a formula in the right hand side of the comparison, and does not care
about the geometric meanings of the right hand side (such as in [17]), one does not need
the above lemma.
Now we can prove Theorem 1.1. Assume that γ(η) and γ˜(η) are two minimizing geodesics
in M and M˜ . At γ(ℓ), let {ei}n=2mi=1 be an orthonormal frame with e2k = C(e2k−1),
and en = ∇ρ and en−1 = −C(en) (namely en = C(en−1)). By the definition, ∆⊥ρ =
1
2
∑2m−2
i=1 ∇2ρ(ei, ei). Let {e˜i} be the corresponding frame at γ˜(ℓ). Parallel transplant them
along γ and γ˜. By Lemma 2.2, the Jacobi fields are given by J˜i(η) =
S 1
2
λ
(η)
S 1
2
λ
(ℓ) e˜i(η) , for
1 ≤ i ≤ 2m− 2, and J˜i(η) = S2λ(η)S2λ(ℓ) e˜i(η) for i = 2m− 1. Here
Sκ(t) +

1√
κ
sin
√
κt, κ > 0,
t, κ = 0,
1√
|κ| sinh
√|κ|t, κ < 0; S′κ(t) + ddtSκ(t); cotκ(t) = S
′
κ(t)
Sκ(t)
.
Transplant {J˜i(η)}2m−2i=1 along γ(η) by letting J i(η) =
S 1
2
λ
(η)
S 1
2
λ
(ℓ) ei(η) we obtain 2m− 2 orthog-
onal vector fields along γ(η) with J i(ℓ) = ei(ℓ) and J i(0) = 0. Let Ji(η) be the Jacobi fields
with Ji(ℓ) = ei. Then
2∆⊥ρ
∣∣
ρ(x)=ℓ
=
2m−2∑
i=1
〈J ′i(ℓ), Ji(ℓ)〉 =
2m−2∑
i=1
Iγ[0,ℓ](Ji, Ji);
2∆⊥ρ˜
∣∣
ρ˜(x)=ℓ
=
2m−2∑
i=1
〈J˜ ′i(ℓ), J˜i(ℓ)〉
2m−2∑
i=1
Iγ˜[0,ℓ](J˜i, J˜i).
The curvature assumption, together with the initial conditions Ji(0) = J˜i(0) = 0, implies
that
2m−2∑
i=1
Iγ[0,ℓ](J i, J i) ≤
2m−2∑
i=1
Iγ˜[0,ℓ](J˜i, J˜i).
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The result then follows from the index form comparison Lemma 2.1. This completes the
proof on the comparison of ∆⊥ρ.
To prove the comparison on the complex Hessian, note that∇2ρ(Z,Z) = 12∇2ρ(en−1, en−1),
where Z = 1√
2
(∇ρ−√−1C(∇ρ)). Now let Jn−1(η) = S2λ(η)S2λ(ℓ) en−1 as before. It is easy to
check that Jn−1(0) = 0 and J
′
n−1(0) ⊥ Tγ(0)P (no need to check this for the previous case
since P = {x0} being a point). Now the assumption on the holomorphic sectional curvature
implies that
Iγ[0,ℓ](Jn−1, Jn−1) ≤ Iγ˜[0,ℓ](J˜n−1, J˜n−1).
The claimed result again follows from the index form comparison Lemma 2.1.
3. Extensions
First we prove the Theorems 1.4 and 1.5. The proof of Theorem 1.5 follows verbatim as
the proof of Theorem 1.1. For Theorem 1.4, we construct of the vector fields {J i} satisfying
different boundary conditions at η = 0. First we define
Cκ(t) +

1√
κ
cos
√
κt, κ > 0,
1, κ = 0,
1√
|κ| cosh
√|κ|t, κ < 0; C′κ(t) + ddtCκ(t); tanκ(t) = C
′
κ(t)
Cκ(t)
.
Now we let J i(η) =
Cλ
2
(η)
Cλ
2
(ℓ) ei(η). Since at η = 0, en(0) = γ
′(0) and en−1(0) = C(γ′(0)) are
perpendicular to P , {ei(0)}2m−2i=1 are tangent to P . Since P is minimal
2m−2∑
i=1
〈Aγ′(0)(J i(0)), J i(0)〉 = 0.
Hence (if we adapt the Einstein convention)
2m−2∑
i=1
Iγ[0,ℓ](J i, J i) =
∫ ℓ
0
‖J ′i‖2−〈RJi,γ′γ′, J i〉 =
1
C2λ
2
(ℓ)
∫ ℓ
0
(2m−2)(C′λ
2
)2−C2λ
2
Ric⊥(γ′, γ′).
Then Theorem 1.4 follows from the index comparison Lemma 2.1 and direct calculation of
the right hand above (for
∑2m−2
i=1 Iγ˜[0,ℓ](J˜i, J˜i)).
The argument above can be extended to the case that P is a Levi-flat real hypersurface,
observing that the boundary term vanishes due to the Levi-flatness (cf. [24]).
Corollary 3.1. Let (Mm, g) be a Ka¨hler manifold with Ric⊥(X,X) ≥ (m − 1)λ|X |2. Let
(M˜, g˜) be the complex space form with constant holomoprhic sectional curvature 2λ. Let
ρ(x) be the distance function to a real Levi flat hypersurface P (and ρ˜ be the corresponding
distance function to a totally geodesic complex hypersurface P˜ ). Then for point x, which is
not in the focal locus of P ,
∆⊥ρ(x) ≤ ∆⊥ρ˜ |ρ˜=ρ(x) = (m− 1) tanλ
2
(ρ).
In [32], it was proved that if a Ka¨hler manifold (Mm, g) has positive lower bound 2λ on
its holomorphic sectional curvature, then it must be compact with diameter bounded from
above by π√
2λ
. The following generalizes this slightly.
COMPARISON AND VANISHING THEOREMS 11
Proposition 3.1. Let (Mm, g) be a compact Ka¨hler manifold with holomorphic sectional
curvature bounded from below by 2λ > 0. Then for any geodesic γ(η) : [0, ℓ] → M with
length ℓ > π√
2λ
, the index i(γ) ≥ 1.
Proof. Let en−1(η) = C(γ′(s)). Let X(η) = sin
(
π
ℓ
η
)
en−1(η). Then
I(X,X) =
∫ ℓ
0
(π
ℓ
)2
cos2
(π
ℓ
η
)
− sin2
(π
ℓ
η
)
〈RC(γ′),γ′γ′, C(γ′)〉
≤
(π
ℓ
)2 ∫ ℓ
0
cos2
(π
ℓ
η
)
− 2λ
∫ ℓ
0
sin2
(π
ℓ
η
)
< 0.
This proves the claim. 
Moreover it was also proved in [32] that M must be simply-connected. The following is a
generalization on the simply-connectedness.
Proposition 3.2. Let (Mm, g) be a compact Ka¨hler manifold with positive holomorphic
sectional curvature. Then any holomorphic isometry of M must have at least one fixed
point.
Proof. Assume that there exists such a map φ : M → M with no fixed point. Then there
exists p such that d(p, φ(p)) = minq∈M d(q, φ(q)). Let γ be the minimal geodesic joining p
to φ(p) with ℓ being the length. First observe that dφ(γ′(0)) = γ′(ℓ). This follows from the
triangle inequality and the estimate:
d(γ(η), φ(γ(η))) ≤ d(γ(η), φ(p)) + d(φ(p), φ(γ(η))) = d(γ(η), φ(p)) + d(p, γ(η)) = d(p, φ(p)).
Now let en = γ
′(η). Let en−1 = C(en). Clearly en−1(η) is parallel. On the other hand,
en−1(0) = C(γ′(0)), en−1(ℓ) = C(γ′(ℓ)) = C(dφ(γ′(0))) = dφ(en−1). This shows that if
β(s) is a geodesic starting from p with β′(0) = en−1, β˜(s) = φ(β(s)) will be a geodesic
starting from γ(ℓ) with β˜′(0) = en−1(ℓ). Consider the variation γ(η, s) = expγ(η)(sen−1(η)).
The second variation formula on the energy E(s) = 12
∫ ℓ
0
|∂γ
∂η
|2 gives that
d2
ds2
E(0) = −
∫ ℓ
0
〈Ren−1,γ′γ′, en−1〉 < 0.
This contradicts to that γ0(η) = γ(η, 0) is length minimizing (hence also energy minimizing)
among all γs(η) = γ(η, s), which joins β(s) to β˜(s) = φ(β(s)). 
Regarding to the diameter estimate we have the following result under the assumption of
the orthogonal Ricci lower bound, whose proof is the same as that of Myers’ theorem.
Theorem 3.2. Let (Mm, g) be a Ka¨hler manifold with Ric⊥(X,X) ≥ (m − 1)λ|X |2 with
λ > 0. Then M is compact with diameter bounded from the above by
√
2
λ
·π. Moreover, for
any geodesic γ(η) : [0, ℓ]→M with length ℓ >
√
2
λ
· π, the index i(γ) ≥ 1.
Note that this estimate is not sharp for Fubini-Study metrics. It is an interesting question
whether or not a compact Ka¨hler manifold with positive orthogonal Ricci curvature is simply-
connected. The case for Ricci curvature is a theorem of S. Kobayashi [13]. The following
result provides a generalization of a result of Tam and Yu [30].
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Corollary 3.3. Assume that (Mm, g) satisfies that Ric⊥(X,X) ≥ (m − 1)λ|X |2 and
H(X) ≥ 2λ|X |4 with λ > 0. Assume that there exists a complex hypersurface P and a
point Q ∈ M such that d(P,Q) = π√
2λ
. Then (Mm, g) is holomorphic-isometric to a com-
plex projective space with Fubini-Study metric.
Proof. Without the loss of generality we let λ = 2. Under the assumption, it is known that
d(P,Q) ≤ π2 . The assumption and the comparison theorems proved above implies that the
area element with respect to level circle of a complex hypersurface over the area element of
the level circle of CPm−1 ⊂ CPm, and the area element with respect to the level spheres (to
a point) over that of sphere in CPm are all monotone decreasing. This shows that for any
ℓ ∈ (0, π2 ), B(P, ℓ) ∩B(Q, π2 − ℓ) = ∅ and
1 ≥ V ol(B(P, ℓ))
V ol(M)
+
V ol(B(Q, π2 − ℓ))
V ol(M)
≥ 1
V ol(CPm)
(∫
CPm−1
∫ ℓ
0
2π cos2m−1 t · sin t dt+
∫
S2m−1
∫ pi
2
−ℓ
0
sin2m−1 t · cos t dt
)
= 1.
The claimed rigidity follows from the equality case in the volume/area comparison as clas-
sical case. 
4. Proof of the vanishing theorem
In this section we shall prove Theorem 1.7. In a recent paper [37], X. Yang proved that
any compact Ka¨hler manifoldMm with positive holomorphic sectional curvature H satisfies
hp,0 = 0 for all 1 ≤ p ≤ m, using the form version of the Bochner identity. By employing
this method we prove that, under the Ric⊥ > 0 condition, hm−1,0 = h2,0 = 0.
Let s be a global holomorphic p-form onMm. The Bochner identity (cf. Ch III, Proposition
1.5 of [14], as well as Porposition 2.1 of [20]) gives
∂∂|s|2 = 〈∇s,∇s〉 − R˜(s, s, ·, ·)
where R˜ stands for the curvature of the Hermitian bundle
∧p
Ω, and Ω = (T ′M)∗ is the
holomorphic cotangent bundle ofM . The metric on
∧pΩ is derived from the metric ofMm.
It is useful to note that R˜ acts on (p, 0) forms as special case of the curvature action on
tensors. Precisely we have the following formula for any holomorphic (p, 0)-form s and any
given tangent direction v at the point x0, namely, there will be local frame {dzi} which is
unitary at a point x0, such that
〈√−1∂∂¯|s|2, 1√−1v ∧ v¯〉 = 〈∇vs, ∇¯v¯ s¯〉+
1
p!
∑
Ip
p∑
k=1
Rvv¯ik i¯k |aIp |2, (4.1)
where s = 1
p!
∑
Ip
aIpdz
i1 ∧ · · · ∧ dzip and Ip = (i1, · · · , ip). The 〈·, ·〉 in the left hand side is
the scalar product between the (1, 1)-forms and their dual, instead of bilinear extension of
the Hermitian product. If M admits metric of positive holomorphic section curvature, the
second variation argument as in the proof of Corollary 2.1 implies that Rvv¯ik i¯k > 0 for v,
a unit vector which attains the minimum of the holomorphic sectional curvature among all
unit vector w ∈ T ′x0M at the given x0. This is the argument of [37] proving the vanishing
of hp,0 under the positivity of the holomorphic sectional curvature.
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Now we adapt this to prove Theorem 1.7. If s is not identically zero, then |s|2 will attain
its nonzero maximum somewhere, say x0, and at this point we have
R˜(s, s, v, v) ≥ 0
for any type (1, 0) tangent vector v ∈ Tx0M . We want to show that this will contradict the
assumption Ric⊥ > 0 when either p = m− 1 or p = 2.
The p = m−1 case is easy. In a small neighborhood of x0, we can write s = fϕ2∧· · ·∧ϕm,
where f 6= 0 is a function and {ϕ1, ϕ2, . . . , ϕm} are local (1, 0)-forms forming a coframe dual
to a local tangent frame {E1, . . . , Em}, which is unitary at x0. Since
R˜(s, s, v, v) = −|f |2
m∑
i=2
Riivv ≥ 0
for any tangent direction v, where R is the curvature tensor of M . If we take v = E1, we
would get Ric⊥(E1, E1) ≤ 0, a contradiction.
Now consider the p = 2 case. Suppose that s is a non-trivial global holomorphic 2-form
on Mm. Let r ≥ 1 be the largest positive integer such that the wedge product sr is not
identically zero. Since we already have hm,0 = hm−1,0 = 0, we know that 2r ≤ m− 2.
We will apply the ∂∂¯-Bochner formula to the 2r-form σ = sr. Let x0 be a maximum point
of |σ|2. At x0, let us write s =
∑
i,j fijϕi∧ϕj under any unitary coframe {ϕj} which is dual
to a local unitary tangent frame {Ej}. The m × m matrix A = (fij) is skew-symmetric.
As is well-known (cf. [11]), there exists unitary matrix U such that tUAU is in the block
diagonal form where each non-zero diagonal block is a constant multiple of E, where
E =
[
0 1
−1 0
]
.
In other words, we can choose a unitary coframe ϕ at x0 such that
s = λ1ϕ1 ∧ ϕ2 + λ2ϕ3 ∧ ϕ4 + · · ·+ λkϕ2k−1 ∧ ϕ2k,
where k is a positive integer and each λi 6= 0. Clearly, k ≤ r since sk 6= 0 at x0. If k < r,
then σ = sr = 0 at x0, which is a maximum point for |σ|2, implying σ ≡ 0, a contradiction.
So we must have k = r. Thus σ = λϕ1 ∧ · · · ∧ ϕ2r, where λ = λ1 · · ·λk 6= 0. From the
Bochner formula, we get that
2r∑
i=1
Riivv ≤ 0 (4.2)
for any tangent direction v of type (1, 0) at x0. From this we shall derive a contradiction to
our assumption that Ric⊥ > 0.
Denote by W ∼= C2r the subspace in T ′x0M spanned by E1, . . . , E2r. By letting v ∈ W , we
see that the ‘Ricci’ of the restriction R|W of the curvature tensor R on W is nonpositive,
thus the ‘scalar’ curvature of R|W is also nonpositive:
S|W =
2r∑
i,j=1
Riijj ≤ 0. (4.3)
On the other hand, for each 1 ≤ j ≤ 2r, Ric⊥(Ej , Ej) > 0. By adding them up, we get
0 <
2r∑
j=1
Ric⊥(Ej , Ej) =
∑
1≤i6=j≤2r
Riijj +
2r∑
j=1
m∑
ℓ=2r+1
Rjjℓℓ. (4.4)
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By applying (4.2) to v = Eℓ for each ℓ, we know that the second term on the right hand
side of (4.4) is nonpositive, therefore we get∑
1≤i6=j≤2r
Riijj = S|W −
2r∑
i=1
H(Ei) > 0. (4.5)
Note that for any P ∈ U(2r), if we replace {E1, . . . , E2r} by {E˜1, . . . , E˜2r} where E˜i = PijEj ,
then the above inequality still holds. Taking the average integral
∫
over U(2r), and using
Berger’s lemma, we get
0 < S|W − 2r
∫
H(PE1) = S|W − 2r 2
2r(2r + 1)
S|W = 2r − 1
2r + 1
S|W ,
so S|W > 0, contradicting (4.3). This proves that h2,0 = 0 for any compact Ka¨hler manifold
Mm with Ric⊥ > 0 everywhere, and we have completed the proof of Theorem 1.7.
The proof in fact yields the following more general result, which is in the same spirit of
the result in [25].
Corollary 4.1. The vanishing of Hodge number h2,0(M) follows if (M, g) is compact and
for any unitary pair {Ei}i=1,2 with E1 ⊥ E2
Ric⊥(E1, E1) +Ric⊥(E2, E2) > 0.
In particular, M is projective.
Modifying the argument also proves the following result which in fact is different from the
above corollary since Ric⊥(Z,Z) does not come from a Hermitian symmetric sesquilinear
form. Similar to [25], for any k-subspace Σ ⊂ T ′xM , we define
Ric⊥k (x,Σ) =
∫
Z∈Σ,|Z|=1
Ric⊥(Z,Z) dθ(Z)
where
∫
f(Z) dθ(Z) denotes 1
V ol(S2k−1)
∫
S2k−1
f(Z) dθ(Z). We say Ric⊥k (x) > 0 if for any
k-subspace Σ ⊂ T ′xM , Ric⊥k (x,Σ) > 0.
Theorem 4.2. Let (M, g) be a compact Ka¨hler manifolds such that Ric⊥2 (x) > 0 for any
x ∈M . Then h2,0 = 0. In particular, M is projective.
Proof. First it is easy to see that Ric⊥l (x) > 0 implies that Ric
⊥
k (x) > 0 for any k ≥ l. We
observe that, if Σ = span{E1, E2, · · · , El},
Ric⊥l (x,Σ) =
∫
Z∈Σ,|Z|=1
Ric⊥(Z,Z) dθ(Z) =
∫
Z∈Σ,|Z|=1
Ric(Z,Z)−H(Z) dθ(Z)
=
∫
1
V ol(S2m−1)
∫
S2m−1
mR(Z,Z,W,W )−H(Z) dθ(W ) dθ(Z)
=
1
V ol(S2m−1)
∫
S2m−1
(∫
mR(Z,Z,W,W )−H(Z) dθ(Z)
)
dθ(W )
=
1
l
(
Ric(E1, E1) +Ric(E2, E2) + · · ·+Ric(El, El)
)− 2
l(l + 1)
Sl(x,Σ)
where Sl(x,Σ) is the scalar curvature of R restricted to Σ (cf. [25]). Now we adapt the
proof of Theorem 1.7 above, for W = span{E1, · · · , E2r}, the ∂∂¯-Bochner formula implies
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that S2r(x0,W ) ≤ 0. On the other hand the above calculation and (4.3) implies that
2r − 1
2r(2r + 1)
S2r(x0,W ) ≥ Ric⊥2r(x0,W ) > 0.
The contradiction implies the theorem. 
Note that it is well known that (cf. [14], Theorem 3.4 of Ch. 3) if
Rick(x) = min {Ei}
(
Ric(E1, E1) +Ric(E2, E2) + · · ·+Ric(Ek, Ek)
)
> 0
everywhere hp,0 = 0 for any p ≥ k. It was recently proved in [25] that the same result holds
if Sk > 0. Given the above relation between Ric
⊥
k (x), Rick(x), and Sk(x), it is natural
to conjecture that hp,0 = 0 if Ric⊥k (x) > 0. Clearly an affirmative answer to this question
would imply the main conjecture in the introduction.
To prove Proposition 1.1, observe that for any holomorphic vector field s the ∂∂¯-Bochner
formula can be applied to obtain that
〈√−1∂∂¯|s|2, 1√−1v ∧ w¯〉 = 〈∇vs, ∇¯w¯ s¯〉 −Rvw¯ss¯.
If s is nonzero, as before at the point x0, where |s|2 attains its maximum we have that
Rvv¯ss¯ ≥ 0
for any direction v. Summing over an unitary basis of {s}⊥ we have a contradiction with
Ric⊥ < 0.
Next we examine the correlation between the positivity of the three curvatures: Ric, Ric⊥,
and H . First of all, we observe that the positivity of two of them does not imply that of
the third one, except the obvious case caused by Ric = Ric⊥ +H .
• Examples with Ric > 0, H > 0 but Ric⊥  0.
To see such an example, let us consider the surface M2 = P2#P2, the blowing up of P2 at
one point. We have
M2 = {([z0 : z1 : z2], [w1 : w2]) ∈ P2 × P1 | z1w2 = z2w1}.
For λ > 0, let ωλ be the metric on M
2 which is the restriction of
√−1∂∂ log(|z0|2 + |z1|2 + |z2|2) + λ
√−1∂∂ log(|w1|2 + |w2|2)
on the product manifold P2×P1. By a straight forward computation, which will be included
in the appendix, we will show that Ric > 0 everywhere if and only if λ > 12 , and H > 0
everywhere if and only if λ > 1. So for any λ > 1, we get an example with the desired
curvature condition. Note that the metric has Ric⊥  0. In fact, M2 does not admit any
Ka¨hler metric with Ric⊥ ≥ 0 everywhere by the result of Gu-Zhang [7].
• Examples with Ric > 0, Ric⊥ > 0 but H  0.
In later sections, we will construct examples of complete U(m)-invariant Ka¨hler metrics
on Cm, such that its Ricci curvature and orthogonal bisectional curvature B⊥ are both
everywhere positive, yet the holomorphic sectional curvature H  0. In fact, there are such
examples where H is negative in some tangent directions at every point outside a compact
subset. Note that as we mentioned before, B⊥ > 0⇒ QB > 0⇒ Ric⊥ > 0.
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We would also point out that, there are examples of Ka¨hler metrics where one of these
three curvature is positive, while the other two are not.
• Examples with H > 0 but Ric  0, Ric⊥  0.
For instance, consider the Hirzebruch surface Fn = P(OP1 ⊕ OP1(−n)) with n > 2. By a
well-known result of Hitchin [10], all Fn admit Ka¨hler metric with H > 0 everywhere. On
the other hand, when n > 2, the first Chern class c1(Fn)  0, so there is no Ka¨hler metric
with Ric ≥ 0. There is no Ka¨hler metric with Ric⊥ ≥ 0 either, by the result of Gu-Zhang.
• Examples with Ric > 0 but Ric⊥  0, H  0.
To see such an example, we can simply take the previous example (see the Appendix for
details) of metric on P2#P2 with the parameter λ in (12 , 1). In this case one has Ric > 0
everywhere, but H is negative somewhere in some directions. The surface does not admit
any metric with Ric⊥ ≥ 0 for the reason given above.
Note that on this surface, there are metrics with H > 0. In fact, it is conjectured by Yau
that any rational surface (or any rational manifolds in higher dimensions) admits Ka¨hler
metric with H > 0 everywhere, although this is still open for most of the rational surfaces.
• Examples with Ric⊥ > 0 but Ric  0, H  0.
Examples of complete U(m)-invariant Ka¨hler metrics on Cm with the above curvature
properties will be constructed in a later section. In fact the metric constructed will have
B⊥ > 0, but Ric < 0 and H < 0 for some directions at every point outside a compact
subset.
5. Examples–preliminary
We will follow the notations of [36], [12], and [21]. Let g be a U(m)-invariant Ka¨hler
metric on Cm with Ka¨hler form ωg. Denote by (z1, . . . , zm) the standard holomorphic
coordinates of Cm and write r = |z1|2+ · · ·+ |zm|2. Since g is U(m)-invariant, one can write
ωg =
√−1∂∂P (r) for some smooth function P on [0,∞). Note that ωg > 0 means that the
smooth functions f = P ′ > 0 and h = (rf)′ > 0, and the metric is complete if and only if∫ ∞
0
√
h
r
dr =∞.
Here we adapt the constructions in [36, 12, 21] to illustrate unitary symmetric metrics
on Cm with various properties promised in the last section. The basic is the ansatz and
computation laid out in [36]. Below is a summary.
In [36], Wu and Zheng considered the U(m)-invariant Ka¨hler metrics on Cm and obtained
necessary and sufficient conditions for the nonnegativity of the curvature operator, nonneg-
ativity of the sectional curvature, as well as the nonnegativity of the bisectional curvature
respectively. In [38], Yang and Zheng later proved that the necessary and sufficient condition
in [36] for the nonnegativity of the sectional curvature holds for the nonnegativity of the
complex sectional curvature under the unitary symmetry. In [12], Huang and Tam obtained
the necessary and sufficient conditions for (NOB) and (NQOB) respectively. Moreover they
constructed a U(m)-invariant Ka¨hler metric on Cm, which is of (NQOB), but does not have
(NOB) nor nonnegativity of the Ricci curvature. In [21], the construction was modified
to illustrate an example with (NOB), but the holomorphic sectional curvature is negative
somewhere. In later sections we will construct U(m)-invariant Ka¨hler metrics on Cm which
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has (NOB) but Ricci curvature is negative somewhere (this of course implies that holomor-
phic sectional curvature must be negative somewhere). We will also construct examples
which has (NOB) and positive Ricci curvature, but the holomorphic sectional curvature is
negative somewhere.
We follow the same notations as in [36, 38]. Let (z1, · · · , zm) be the standard coordinate
on Cm and r = |z|2. An U(m)-invariant metric on Cm has the Ka¨hler form
ω =
√−1
2
∂∂¯P (r) (5.1)
where P ∈ C∞ ([0,+∞)). Under the local coordinates, the metric has the components:
gij¯ = f(r)δij + f
′(r)z¯izj. (5.2)
We further denote:
f(r) = P ′(r), h(r) = (rf)′. (5.3)
It is easy to check that ω will give a complete Ka¨hler metric on Cn if and only if
f > 0, h > 0,
∫ ∞
0
√
h√
r
dr = +∞. (5.4)
If h > 0, then ξ = − rh′
h
is a smooth function on [0,∞) with ξ(0) = 0. On the other hand, if
ξ is a smooth function on [0,∞) with ξ(0) = 0, one can define h(r) = exp(− ∫ r
0
ξ(s)
s
ds) and
f(r) = 1
r
∫ r
0 h(s) ds with h(0) = 1. It is easy to see that ξ(r) = − rh
′
h
. Then (5.2) defines a
U(m)-invariant Ka¨hler metric on Cm.
The components of the curvature operator of a U(m)-invariant Ka¨hler metric under the
orthonormal frame {E1 = 1√
h
∂z1 , E2 =
1√
f
∂z2 , · · · , Em = 1√f ∂zm} at (z1, 0, · · · , 0) are given
as follows, see [36]:
A = R11¯11¯ = −
1
h
(
rh′
h
)′
=
ξ′
h
; (5.5)
B = R11¯i¯i =
f ′
f2
− h
′
hf
=
1
(rf)2
[
rh− (1− ξ)
∫ r
0
h(s) ds
]
, i ≥ 2; (5.6)
C = Ri¯ii¯i = 2Ri¯ijj¯ = −
2f ′
f2
=
2
(rf)2
(∫ r
0
h(s) ds− rh
)
, i 6= j, i, j ≥ 2. (5.7)
The other components of the curvature tensor are zero, except those obtained by the sym-
metric properties of curvature tensor.
The following result was proved in [36], which plays an important role in the construction.
Theorem 5.1 (Wu-Zheng). (1) If 0 < ξ < 1 on (0,∞), then g is complete.
(2) g is complete and has positive bisectional curvature if and only if ξ′ > 0 and 0 < ξ < 1
on (0,∞), where ξ′ > 0 is equivalent to A > 0, B > 0 and C > 0.
(3) Every complete U(m)-invariant Ka¨hler metric on Cm with positive bisectional curvature
is given by a smooth function ξ in (2).
It was proved in [36], [12], and [21] that the following result holds.
Proposition 5.1. Let g be a U(m)-invariant Ka¨hler metric on Cm, with positive functions
f , h on [0,∞) described as above. Then
(i) g has positive bisectional curvature ⇐⇒ A > 0, B > 0, C > 0 ⇐⇒ A > 0.
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(ii) If m ≥ 3, then g has positive orthogonal bisectional curvature ⇐⇒ B > 0, C > 0,
A+ C > 0.
(iii) If m ≥ 3, then g has positive orthogonal bisectional and positive Ricci curvature ⇐⇒
B > 0, C > 0, A+ C > 0, A+ (m− 1)B > 0.
Note that when m = 2, the positivity of the orthogonal bisectional curvature no longer
guarantees C > 0, and the curvature condition for (ii) actually becomes B > 0 and A+C >
0; while the condition for (iii) becomes B > 0, A+ B > 0, C + B > 0, and A+ C > 0. In
particular, the “⇐=” part of (ii) and (iii) are still valid when m = 2.
As noted in [36], there are plenty of metrics satisfying (i). In [12], the authors perturbed
metrics in (i) to obtain metrics in (ii) that are not in (i). For case (iii), as well as the
comparison theorem proved earlier, the following questions are natural (the first question
was raised in ([21]):
Questions. 1) Does there exist a complete U(m)-invariant Ka¨hler metric on Cm with
positive orthogonal bisectional curvature, positive Ricci curvature, but does not have non-
negative holomorphic sectional curvature? Namely, a metric g such that B, C, A + C,
A+ (m− 1)B are positive functions on [0,∞), while A is negative somewhere.
2) Does there exist a complete U(m)-invariant Ka¨hler metric on Cm with positive orthog-
onal bisectional curvature and negative Ricci curvature somewhere?
In [36], the authors used the ξ function to describe U(m)-invariant Ka¨hler metrics on
Cm, which is defined by ξ = − rh′
h
. Clearly, ξ is smooth on [0,∞) with ξ(0) = 0, and is
determined by g. Conversely, ξ determines h and f up to a positive constant multiple, and
as proved in [36], if 0 < ξ < 1 in (0,∞), then the metric g determined by ξ is complete.
In terms of ξ, the above question (i) can be rephrased (see the last paragraph of [21]) as
finding a smooth function ξ on [0,∞) with ξ(0) = 0 and 0 < ξ < 1 on (0,∞), such that
ξ′ < 0 somewhere, yet
rh− (1 − ξ)
∫ r
0
h(s)ds > 0;∫ r
0
h(s)ds− rh > 0;
ξ′ +
2h
(rf)2
( ∫ r
0
h(s)ds− rh) > 0;
ξ′ +
(m− 1)h
(rf)2
(
rh− (1− ξ)
∫ r
0
h(s)ds
)
> 0
everywhere on (0,∞).
It is not obvious why such a function must exist. So we will resort to another characteri-
zation of U(m)-invariant metrics in §5 of [36] by the generating surface of revolution.
6. Examples–a characterization
Let us first recall the characterization of U(m)-invariant metrics by surface of revolutions
given in §5 of [36]. Let g be a complete U(m)-invariant Ka¨hler metric on Cm, with h, f
defined as before. Let us assume that h′ < 0 everywhere. Write ξ = − rh′
h
, then we have
0 < ξ < 1 on (0,∞) by the assumption h′ < 0 and the completeness of g.
COMPARISON AND VANISHING THEOREMS 19
Write x =
√
rh. On (0,∞), we have x′ =
√
h(1−ξ)
2
√
r
> 0, so x is a strictly increasing function
and x′2 < h4r . Define a positive, strictly increasing function y on (0,∞) so that y(0+) = 0
and
x′2 + y′2 =
h
4r
.
The metric g is determined by the smooth function y = F (x) on (0, x0), where x0 =
limr→∞
√
rh ≤ ∞. It is easy to see that F is actually smooth on [0, x0) and F (0) = 0. From
the definition, we have the relationship
1 +
(dF
dx
)2
=
1
(1− ξ)2 .
As computed in [36], in terms of this generating function F (x), the curvature component
functions are
A =
F ′F ′′
2x(1 + F ′2)2
, B =
1
v2
(
x2− v√
1 + F ′2
)
, C =
2
v2
(v − x2),
where
v(x) = rf =
∫ x
0
2τ
√
1 + F ′2(τ)dτ.
To simplify these expressions, let us use the trick in [36] by letting
F (x) =
1
2
p(x2), p(t) =
∫ t
0
√
q(τ) dτ, q(t) =
(k(t))2 − 1
t
where k(t) is a smooth function on [0,∞) such that k(0) = 1 and k(t) > 1 when t > 0. We
have
F ′(x) = xp′(x2) = x
√
q(x2),
therefore
1 + F ′2(x) = 1 + x2q(x2) = (k(x2))2.
Now let us denote by t = x2, and u(t) =
∫ t
0
k(σ)dσ, then by a straight forward computation,
we get
A =
k′
k3
, B =
1
ku2
(tk − u), C = 2
u2
(u− t).
Write u(t) = t+ tα(t). Then k = u′ = 1 + α+ tα′, and
A =
tα′′ + 2α′
(1 + α+ tα′)3
, B =
α′
(1 + α+ tα′)(1 + α)2
, C =
2α
t(1 + α)2
. (6.1)
7. Examples with (NOB), positive Ricci, but negative holomoprhic sectional
curvature somewhere
The goal here is to prove the following result, which affirmatively answers a question in
[21].
Theorem 7.1. For any m ≥ 2, there are complete U(m)-invariant Ka¨hler metrics on Cm
with positive Ricci curvature and positive orthogonal bisectional curvature everywhere, yet
the holomorphic sectional curvature is negative somewhere.
20 LEI NI AND FANGYANG ZHENG
Now that the expressions of the curvature components are reasonably simple, we could try
to find functions α so that the desired curvature conditions are satisfied. For instance, let
us consider the smooth function α(t) given by
α(t) = λ
(
1− 1
(1 + t2)a
)
, (7.1)
where a, λ are positive constants with a ∈ (12 , 1). We have α(0) = 0, and
α′ =
2aλt
(1 + t2)a+1
.
So α and α′ are positive on (0,∞). Note that the function α′ and α
t
are actually also positive
at t = 0. By formula (6.1) in the previous section, we have B > 0, C > 0 everywhere. Note
that A(0) > 0 as well, so the bisectional curvature of the metric g is positive at the origin.
Let us examine the situation away from the origin. For a constant b > 0, we compute
(tbα′)′ =
2aλtb
(1 + t2)a+2
(
(b+ 1) + (b− 1− 2a)t2).
For b = 2, the right hand side factor becomes 3− (2a−1)t2, so the sign of A, or equivalently
the sign of tα′′ + 2α′, is the same as that of (t0 − t), where t0 =
√
3
2a−1 . That is, we have
A > 0 on [0, t0), and A < 0 on (t0,∞).
For b = 3, b− 1− 2a = 2− 2a > 0, so (t3α′)′ > 0, thus by formula (6.1)
k3(A+ (n− 1)B) ≥ k3(A+B) ≥ tα′′ + 3α′ > 0.
It remains to check the condition A+ C > 0. We have
k3C ≥ (1 + α+ tα′)2α
t
.
So when 2α ≥ 1, we have k3C ≥ α′, hence k3(A+C) ≥ tα′′+3α′ > 0. Let us fix a ∈ (12 , 1),
and choose λ sufficiently large so that
1
2λ− 1 <
(
1 +
3
2a− 1
)a
− 1,
in this case we have (
2λ
2λ− 1
) 1
a
− 1 < 3
2a− 1 .
Note that
2α < 1 ⇐⇒ 1− 1
(1 + t2))a
<
1
2λ
⇐⇒ t2 <
(
2λ
2λ− 1
) 1
a
− 1.
So by our choice of λ we have t < t0 =
√
3
2a−1 . But in this case A > 0, thus A+ C > 0 as
well.
This completes the proof of Theorem 7.1. Note that the metric g given by α in (2)
has positive bisectional curvature in a ball Bc, while outside the ball, at every point the
holomorphic sectional curvature is negative in some direction.
One can also construct examples satisfying Theorem 7.1 while the bisectional curvature
is positive outside an annulus, in particular, outside a compact subset. To see such an
example, let us consider
α = t− 2at2 + t3, (7.2)
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where a > 0 is a constant to be determined. We have
α
t
= 1− 2at+ t2
α′ = 1− 4at+ 3t2
tα′′ + 2α′ = 2(1− 6at+ 6t2)
tα′′ + 3α′ = 3− 16at+ 15t2
tα′′ + 2α′ +
2α
t
= 2(2− 8at+ 7t2)
We want to choose a so that the middle line is negative somewhere, while the other four are
positive everywhere in (0,∞). The first two guarantee that B > 0, C > 0, while last two
imply that A+B > 0, A+ C > 0. The middle term shares the same sign with A.
Note that for positive constants a, b, c, the polynomial a − bt + ct2 will be everywhere
positive on [0,∞) if and only if b2 < 4ac, and when b2 > 4ac, the polynomial will be negative
in the interval [t1, t2] where t1 > t2 > 0 are the two roots. Applying this criteria to the five
quadratic polynomials above, we know that we want respectively
a2 < 1, a2 <
3
4
, a2 >
2
3
, a2 <
45
64
, a2 <
7
8
.
Since 23 <
45
64 <
3
4 , if we choose a > 0 so that
2
3 < a
2 < 4564 , then the corresponding metric g
will have positive orthogonal bisectional and positive Ricci curvature everywhere, while the
holomorphic sectional curvature is negative in some directions at every point in an annulus.
The bisectional curvature is positive outside the annulus.
8. The examples with (NOB) but negative Ricci curvature and negative
holomorphic sectional curvature somewhere
We present here two constructions. The first one is along the line of [12] (see also [21]). Let
ξ be a smooth function on [0,∞) with ξ(0) = 0, ξ′(r) > 0 and 0 < ξ(r) < 1 for 0 < r <∞.
Let a = limr→∞ ξ(r). Then 0 < a ≤ 1. By the the discussion in the pervious sections,
this gives a complete U(m)-invariant metric on Cm with positive bisectional curvature. The
strategy of [12] is to perturb this metric by adding a perturbation term to ξ. This then
yields one metric with the needed property. It starts with some estimates for the metrics
with positive bisectional curvature. In [12, 36] the following estimates (cf. Lemma 4.1 of
[12]) were obtained.
Lemma 8.1. Let ξ be as above with limr→∞ ξ = a (∈ (0, 1)). The following holds
(1) limr→∞ h(r) = 0 and limr→∞
h(r+r0)
h(r) = 1 for any r0 > 0.
(2) For any r > 0,
(
rh− (1− ξ) ∫ r0 h)′ > 0, and
lim
r→∞
∫ r
0
h =∞, lim
r→∞
h = 0, lim
r→∞
rh∫ r
0 h
= 1− a.
(3) For any ǫ > 0, and for any r0 > 0, there is R > r0 such that
ξ′(R)− ǫh(R)C(R) < 0.
(4) limr→∞ h(r)C(r) = 0.
(5) For all ǫ > 0, there exists δ > 0 such that if R ≥ 3, δ ≥ η ≥ 0 is a smooth function with
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support in [R− 1, R+ 1], then for all r ≥ 0,
h(r) ≤ h¯(r) ≤ (1 + ǫ)h(r), and
∫ r
0
h ≤
∫ r
0
h¯ ≤ (1 + ǫ)
∫ r
0
h,
where h¯(r) = exp(− ∫ r
0
ξ¯
t
dt) and ξ¯ = ξ − η.
Let φ be a cutoff function on R as in [12] such that
(i) 0 ≤ φ ≤ c0 with c0 being an absolute constant;
(ii) supp(φ) ⊂ [−1, 1];
(iii) φ′(0) = 1 and |φ′| ≤ 1.
The construction is to perturb ξ into ξ¯(r) = ξ(r) − αh(R)C(R)φ(r − R) for suitable
choice of R, α. Note that this only changes the value of ξ on a compact set. Once h¯ is
defined, equations (5.5)–(5.7) define the corresponding curvature components A¯, B¯, C¯ of the
perturbed metric.
Theorem 8.1. There is 1 > α > 0 such that for any r0 > 0 there is R > r0 satisfying the
following: If ξ¯(r) = ξ(r)−αh(R)C(R)φ(r−R), then ξ¯ determines a complete U(m)-invariant
Ka¨hler metric on Cm such that
(1) A¯+ C¯ > 0 on [R− 1, R+ 1];
(2) B¯(r) > 0 for all r;
(3) C¯(r) > 0 for all r; and
(4) A¯(R) + (m− 1)B¯(R) < 0.
Then ξ¯ will give a compete U(m)-invariant Ka¨hler metric which satisfies (NOB) but does
not have nonnegative Ricci curvature, nor nonnegative holomorphic sectional curvature.
Proof. Note that (1)-(3) implies the (NOB). The estimate (4) shows the negativity of the
Ricci somewhere. First for any α > 0, by choosing R large, ξ¯ (along with the h¯ and f¯)
defines a complete Ka¨hler metric on Cm. Recall that a ∈ (0, 1) is the limit of limr→∞ ξ(r),
c0 being the bound of |φ|. The proof of (2) and (3) is exactly the same as in [21], which does
not involve the careful picking of α > 0. We need to choose the constant α > 0 a bit more
carefully here to achieve both (1) and (4) simultaneously. Note that in [12], metrics were
constructed with both A¯(R) + C¯(R) and A¯(R) + (m− 1)B¯(R) being negative.
By (5.5) and (5.7) for (1) we only need to prove if for r ∈ [R − 1, R + 1]. By the formula
(5.7) and the proof of Lemma 4.2 in [12] (precisely (4.6) of [12]), we may choose a large r1
so that if R > r1 and for r ∈ [R− 1, R+ 1],
C¯(r) ≥ 2
(1 + ǫ)2
∫ R
0 h
(a− 2ǫ+ aǫ− ǫ2)
provided a− 2ǫ+ aǫ− ǫ2 > 0. For ǫ > 0 sufficiently small it clearly satisfies this condition.
Here a > is the constant from Lemma 8.1. On the other hand,
C(R) ≤ 2∫ R
0 h
(a+ ǫ)
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if r1 is large enough depending only on ǫ and R > r1. Hence, if ǫ and r1 satisfy the above
conditions, then for r ∈ [R− 1, R+ 1],
C¯(r) ≥ a− 2ǫ+ aǫ − ǫ
2
(a+ ǫ)(1 + ǫ)2
C(R).
Therefore, if ǫ > 0 satisfies a > ǫ and a− 2ǫ+ aǫ − ǫ2 > 0, we can find r1 > r0 such that if
R > r1, then it holds for r ∈ [R− 1, R+ 1],
A¯(r) + C¯(r) ≥ ξ
′(r) − β
h¯
+ C¯(r)
≥ −β
h¯(r)
+
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
C(R) (8.1)
≥ − β
(1− ǫ)h(R) +
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
C(R)
=
1
(1 − ǫ)h(R) [−β + (1− ǫ)
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
h(R)C(R)].
In the third line we have used the fact that − β
h¯(r)
≥ − β
h(r) ≥ − βh(R+1) and limr→∞ h(r)h(r+r0) =
1. Hence for r ∈ [R− 1, R+ 1],
A¯(r) + C¯(r) ≥ 1
(1 − ǫ)h(R) [−α+ (1− ǫ)
a− 2ǫ+ aǫ− ǫ2
(a+ ǫ)(1 + ǫ)2
]h(R)C(R).
Hence if we pick α = 12 , for sufficiently small ǫ we can be sure that A¯(r) + C¯(r) > 0. This
proves (1).
On the other hand, as in [12], for r1 ≥ r0 sufficiently large and R ≥ r1,
C¯(r) =
2∫ r
0 h¯
(
1− rh¯∫ r
0 h¯
)
≤ 2∫ r
0 h¯
(
1− rh
(1 + ǫ)
∫ r
0 h
)
≤ 2∫ r
0
h
a+ 2ǫ
1 + ǫ
.
Here we have used part (ii) of Lemma 8.1. But
C(r) =
2∫ r
0
h
(
1− rh∫ r
0
h
)
≥ 2∫ r
0
h
(a− ǫ).
Hence for small ǫ
C¯(r) ≤ a+ 2ǫ
(a− ǫ)(1 + ǫ)C(r)
This implies that
A¯(R) +
1
3
C¯(R) =
ξ′(R)− αC(R)h(R)
h¯(R)
+
1
3
C¯(R)
≤ ξ
′(R)− αC(R)h(R)
(1 + ǫ)h(R)
+
1
3
a+ 2ǫ
(a− ǫ)(1 + ǫ)C(R)
=
1
(1 + ǫ)h(R)
(
ξ′(R)− αC(R)h(R) + 1
3
a+ 2ǫ
a− ǫ C(R)h(R)
)
.
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Noting part (iii) of Lemma 8.1, and that we picked α = 12 , for sufficiently small ǫ we have
that
A¯(R) +
1
3
C¯(R) ≤ 0. (8.2)
On the other hand, similar calculation as the above shows that
C¯(r) ≥ 2
(1 + ǫ)
∫ r
0
h
(
1− (1 + ǫ)rh∫ r
0
h
)
≥ 2
(1 + ǫ)
∫ r
0 h
(1− (1 + ǫ)(1− a+ ǫ))
≥ 2(a− ǫ)∫ r
0
h
.
Here ǫ is small and we may choose a different one in the last line. Thus together with (8.2)
we have
A¯(R) ≤ −1
3
2(a− ǫ)∫ r
0 h
.
On the other hand, as in Lemma 4.2 of [12], for R sufficiently large,
B¯(R) ≤ ǫ∫ R
0
h
.
Combining them we conclude that A¯(R)+ (m− 1)B¯(R) < 0 for R ≥ r1. This proves (4). 
One could also construct U(m)-invariant complete Ka¨hler metrics on Cm with B⊥ > 0 but
Ric  0 and H  0, using the notations and the construction in the previous section. Below
are the details.
For the sake of simplicity, we will work with the m = 2 case. In this case, B⊥ coincides
with Ric⊥, and by Proposition 5.1 and the remark afterwards, its positivity means B > 0
and A+C > 0. So to ensure that the Ricci and the holomorphic sectional curvature H are
not everywhere nonnegative, we need A  0 and A+B  0. That is, it suffices to find such
a metric satisfying
B > 0, C > 0, A+ C > 0, A  0, A+B  0,
where the functions A, B, C are expressed in terms of the α function by formulae in (6.1).
As in the previous sections, we may start with the function
α(t) = λ
(
1− 1
(1 + t2)a
)
,
where a, λ are positive constants with a > 12 . We will specify the range of a and λ later.
As before, we have α(0) = 0, and
α′ =
2aλt
(1 + t2)a+1
.
So α and α′ are positive on (0,∞). Also, the function α′ and α
t
are positive at t = 0, so we
have B > 0, C > 0 everywhere, while A has the same sign with t0 − t, where t0 =
√
3
2a−1 .
In particular, A  0.
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As noticed before, for any b > 0, we have
(tbα′)′ =
2aλtb
(1 + t2)a+2
(
(b+ 1) + (b− 1− 2a)t2).
This function will be positive on (0,∞) if b ≥ 1 + 2a, and negative for large t if b < 1 + 2a.
In the following, we will take a = 6. So t0 =
√
3
11 . Clearly, we can choose λ > 0 large
enough so that α(t0) > 6. Since α is strictly increasing, when α < 6, we must have t < t0,
thus A > 0 hence A+ C > 0. While when α ≥ 6, we have
(A+ C)(1 + α+ tα′)3 = tα′′ + 2α′ +
2α
t
(1 + α+ tα′)
(1 + α+ tα′)2
(1 + α)2
≥ tα′′ + 2α′ + 2α
t
(1 + α+ tα′)
≥ tα′′ + 2α′ + 12α′ = t−13(t14α′)′ > 0
since 14 > 2a + 1 = 13. This demonstrates that A + C > 0 everywhere. To see that
A+B  0, let us observe that the inequality
tα′ ≤ 2α
always holds, as it is implied by
at2
(1 + t2)a+1
≤ 1− 1
(1 + t2)a
,
which is true since 1 + at2 ≤ (1 + t2)a for any t. So we now have
1 + α+ tα′ ≤ 3(1 + α).
Thus the quantity (A+B)(1 + α+ tα′)3 can be estimated as
(A+B)(1 + α+ tα′)3 = tα′′ + 2α′ +
(1 + α+ tα′
1 + α
)2
α′
≤ tα′′ + 2α′ + 32α′
= t−10(t11α′)′.
Since 11 < 2a+1 = 13, (t11α′)′ < 0 when t is large. So we have A+B  0 as desired. This
construction gives the metric which has B⊥ > 0, but has negative holomorphic sectional
curvature and negative Ricci curvature outside a compact subset.
9. Appendix
In this appendix, we will give the calculation of the curvature for the surfaceM2 = P2#P2,
when the metric is the restriction of the product metric. Consider
M2 = {([u0 :u1 :u2], [v1 :v2]) ∈ P2 × P1 | u1v2 = u2v1},
and let ωg be the restriction on M of the product metric
ωg =
√−1∂∂ log(|u0|2+|u1|2+|u2|2) + λ
√−1∂∂ log(|v1|2+|v2|2)
where λ > 0 is a constant. We will prove the following
Proposition 9.1. The surface (M2, ωg) will have its Ricci curvature positive everywhere if
and only if λ > 12 , and it will have its holomorphic sectional curvature positive everywhere
if and only if λ > 1.
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To see this, let us fix an arbitrary point p ∈ M . First let us consider the case when
u0(p) 6= 0. By a unitary change of coordinate in (u1, u2) and (v1, v2), we may assume that
p = ([1 :a :0], [1 :0]), where a ∈ [0,∞). So in a neighborhood of p, we have local holomorphic
coordinate (z1, z2) which corresponds to the point ([1 : z1 : z1z2], [1 : z2]), and p = (a, 0). In
this neighborhood, the metric ωg becomes
ωg =
√−1∂∂ log η + λ√−1∂∂ log σ
where σ = 1 + |z2|2 and η = 1 + |z1|2σ = 1 + |z1|2 + |z1z2|2. We compute that
g11 =
σ
η2
, g12 =
z1z2
η2
, g22 =
|z1|2(|z1|2+1)
η2
+
λ
σ2
.
From this, we get
g11,1 = −
2
η3
σ2z1, g22,2 = −
2
η3
|z1|4(|z1|2+1)z2 − λ 2
σ3
z2,
g12,1 = −
2
η3
σz21z2, g12,2 =
1
η2
z1 − 2
η3
|z1|2|z2|2z1,
g12,1 =
1
η2
z2 − 2
η3
σ|z1|2z2, g12,2 = −
2
η3
|z1|2z1z22 .
Under the local coordinate (z1, z2), the curvature components are given by
Rijkℓ = −gij,kℓ +
2∑
p,q=1
gip,k gjq,ℓ g
pq.
At the point p = (a, 0), we have η = 1 + a2, σ = 1, and
g11 =
1
η2
, g12 = 0, g22 =
a2+λη
η
,
g12,1 = g21,1 = g21,2 = g11,2 = g22,2 = 0.
From these, we get that at p
R1212 = −g12,12 +
1
g11
g11,1 g21,2 +
1
g22
g12,1 g22,2 = 0.
Similarly, we also get R1112 = R1222 = 0 at p. Next, we compute at p
R1122 = −g12,21 +
1
g11
|g11,2|2 +
1
g22
|g12,2|2
= − 1
η2
+
2a2
η3
+ 0 +
η
a2 + λη
a2
η4
=
a2 − 1
η3
+
a2
η3(a2 + λη)
,
R1111 = −g11,11 +
1
g11
|g11,1|2 +
1
g22
|g12,1|2
=
2
η3
− 6a
2
η4
+ η2
4a2
η6
+ 0 =
2
η4
,
R2222 = −g22,22 +
1
g11
|g21,2|2 +
1
g22
|g22,2|2
= −g22,22 =
2a4
η2
+ 2λ.
COMPARISON AND VANISHING THEOREMS 27
Now let us compute the component of the Ricci curvature at p. We have R12 = 0, and
R11 = η
2R1111 +
η
a2+λη
R1122
=
2
η2
+
a2 − 1
η2(a2+λη)
+
a2
η2(a2+λη)2
,
R22 = η
2R1122 +
η
a2+λη
R2222
=
a2 − 1
η
+
a2 + 2a4 + 2λη2
η(a2 + λη)
.
Since 2λη2 > λη, we know that R22 > 0 for all a ≥ 0. For R11, if we let f(t) be the function
of t = a2 which represents the quantity η2(a2 + λη)2R11, then
f(t) = (λ+ 1)(2λ+ 3)t2 + 4λ(λ+ 1)t+ λ(2λ− 1).
Hence R11 > 0 for all a ≥ 0 if and only if λ > 12 .
Next let us examine the holomorphic sectional curvature H at the point p. For any tangent
direction X = x1
∂
∂z1
+ x2
∂
∂z2
at p, we have
RXXXX = |x1|4R1111 + |x2|4R2222 + 4|x1x2|2R1122 (9.1)
=
2
η4
|x1|4 + 2
η2
(a4+λη2)|x2|4 + 4
η3
(
a2−1+ a
2
a2+λη
)|x1x2|2.
In particular, when a = 0, we have
RXXXX = 2|x1|4 + 2λ|x2|4 − 4|x1x2|2,
so if λ < 1, then there are X 6= 0 with RXXXX < 0, while when λ = 1, we have RXXXX ≥ 0
but attains 0. Now suppose that λ > 1. If x2 = 0, then RXXXX > 0. If x2 6= 0, then by
(9.1) we have
RXXXX ≥
2
η4
|x1|4 + 2λ|x2|4 − 4
η3
|x1x2|2
>
2
η4
|x1|4 + 2|x2|4 − 4
η3
|x1x2|2
≥ 2
√
2
η4
|x1|4 2|x2|4 − 4
η3
|x1x2|2
=
4
η2
|x1x2|2 − 4
η3
|x1x2|2 = 4a
2
η3
|x1x2|2 ≥ 0.
So when λ > 1, the holomorphic sectional curvature at p is positive.
Now let us assume that u0(p) = 0, namely, p lies in the line at infinity with respect to the
point of blowing up. Again by a simultaneous unitary coordinate change on the (u1, u2) and
(v1, v2) if necessary, we may assume that p = ([0 : 1 : 0], [1 : 0]). Let us choose holomorphic
coordinate (z1, z2) near p by letting it correspond to the point (z1 : 1 : z2], [1 : z2]). Then
p = (0, 0), and the metric in this case is given by
ωg =
√−1∂∂ log(1+|z1|2+|z2|2) + λ
√−1∂∂ log(1+|z2|2).
28 LEI NI AND FANGYANG ZHENG
Again if we denote by η = 1+|z1|2+|z2|2 and σ = 1+|z2|2, then we have
gij =
1
η
δij − 1
η2
zizj +
λ
σ2
δi2δj2,
gij,k = −
1
η2
(δijzk + δkjzi) +
2
η3
zizkzj − 2λ
σ3
z2δi2δj2δk2.
At p = (0, 0), we have g11 = 1, g12 = 0, g22 = 1 + λ, and gij,k = 0. So the curvature
components at p are given by
Rijkℓ = −gij,kℓ = δijδkℓ + δiℓδjk + 2λδi2δj2δk2δℓ2.
So for any tangent direction X at p, the holomorphic sectional curvature
RXXXX = 2(|x1|2 + |x2|2)2 + 2λ|x2|4,
which is always positive. For the Ricci curvature, one has R12 = 0, and
R11 = R1111 +
1
1 + λ
R1122 = 2 +
1
1 + λ
,
R22 = R1122 +
1
1 + λ
R2222 = 1 +
1
1 + λ
(2 + 2λ) = 3.
So the Ricci curvature at p is also always positive. This completes the proof of the propo-
sition.
References
[1] R.L. Bishop and S.I. Goldberg, On the second cohomology group of a Ka¨hler manifold of positive
curvature, Proc. Amer. Math. Soc. 16 (1965), 119–122.
[2] Y.-D. Burago and V. A. Zalgaller, Geometric inequalities. Translated from the Russian by A. B.
Sosinskii Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences], 285. Springer Series in Soviet Mathematics. Springer-Verlag, Berlin, 1988. xiv+331 pp.
[3] H.-D. Cao and L. Ni, Matrix Li-Yau-Hamilton estimates for the heat equation on Ka¨hler manifolds.
Math. Ann. 331 (2005), no. 4, 795–807.
[4] A. Chau and L.-F. Tam, Ka¨hler C-spaces and quadratic bisectional curvature. J. Differential Geom.
94 (2013), no. 3, 409–468.
[5] S. Gallot, D. Hulin and J. Lafontaine, Riemannian geometry. Third edition. Universitext. Springer-
Verlag, Berlin, 2004. xvi+322 pp.
[6] S.-I. Goldberg, Curvature and Homology. Revised reprint of the 1970 edition. Dover Publications, Inc.,
Mineola, NY, 1998. xviii+395 pp.
[7] H. Gu and Z. Zhang, An extension of Mok’s theorem on the generalized Frankel conjecture, Sci. China
Math. 53 (2010), 1–12.
[8] G. Heier and B. Wong, On projective Ka¨hler manifolds of partially positive curvature and rational
connectedness, arXiv:1509.02149.
[9] E. Heintze and H. Karcher, A general comparison theorem with applications to volume estimates for
submanifolds. Ann. Sci. E´cole Norm. Sup. (4) 11 (1978), no. 4, 451–470.
[10] N. Hitchin, On the curvature of rational surfaces, In Differential Geometry (Proc. Sympos. Pure Math.,
Vol XXVII, Part 2, Stanford University, Stanford, Calif., 1973), pages 65-80. Amer. Math. Soc., Prov-
idence, RI, 1975.
[11] L.-K Hua, On the theory of automorphic functions of matrix variables I-geometric basis. Amer. J.
Math. 66 (1944), 470–488.
[12] S.C. Huang and L.-F. Tam, U(n)-invariant Ka¨hler metrics with nonegative quadratic bisectional cur-
vature, Asian J. Math. 19(2015), no. 1,1–16.
[13] S. Kobayashi, On compact Ka¨hler manifolds with positive Ricci tensor. Ann. of Math. 74 (1961),
570–574.
[14] S. Kobayashi, Differential geometry of complex vector bundles. Publications of the Mathematical So-
ciety of Japan, 15. Kano Memorial Lectures, 5. Princeton University Press, Princeton, NJ; Princeton
University Press, Princeton, NJ, 1987. xii+305 pp.
COMPARISON AND VANISHING THEOREMS 29
[15] P. Li and J.-P. Wang, Comparison theorem for Ka¨hler manifolds and positivity of spectrum. J. Differ-
ential Geom. 69 (2005), no. 1, 43–74.
[16] Q. Li, D. Wu, and F.-Y. Zheng, An example of compact Ka¨hler manifold with nonnegative quadratic
bisectional curvature, Proc. Amer. Math. Soc. 141 (2013), no.6, 2117–2126.
[17] G. Liu, Three-circle theorem and dimension estimate for holomorphic functions on Ka¨hler manifolds,
Duke Math. J. 165 (2016), no. 15, 2899–2919.
[18] V. Miquel and V. Palmer, Mean curvature comparison for tubular hypersurfaces in Ka¨hler manifolds
and some applications. Compositio Math. 86 (1993), no. 3, 317–335.
[19] J. Morrow and K. Kodaira, Complex manifolds. Holt. Rinehart and Winston, New York-Montreal-
London, 1971.
[20] L. Ni, Vanishing theorems on complete Ka¨hler manifolds and their applications. J. Differential Geom.
50 (1998), no. 1, 89–122.
[21] L. Ni and Y.-Y. Niu, Gap theorem on Ka¨hler manifold with nonnegative orthogonal bisectional cur-
vature, preprint, arXiv:1708.03534.
[22] L. Ni and L.-F. Tam, Poincare´-Lelong equation via the Hodge-Laplace heat equation. Compositio Math.
149 (2013), 1856–1870.
[23] Y.-Y. Niu, A note on nonnegative quadratic orthogonal bisectional curvature, Proc. Amer. Math. Soc.
142 (2014), no. 11, 1856–1870.
[24] L. Ni and J. Wolfson, The Lefschetz theorem for CR submanifolds and the nonexistence of real analytic
Levi flat submanifolds. Comm. Anal. Geom. 11 (2003), no. 3, 553–564.
[25] L. Ni and F.-Y Zheng, Positivity and Kodaira embedding theorem. ArXiv preprint:1804.096096.
[26] P. Petersen, Riemannian geometry. Third edition. Graduate Texts in Mathematics, 171. Springer,
Cham, 2016. xviii+499 pp.
[27] T. Sakai, Riemannian geometry. Translated from the 1992 Japanese original by the author. Transla-
tions of Mathematical Monographs, 149. American Mathematical Society, Providence, RI, 1996. xiv+358
pp.
[28] R. Schoen and J. Wolfson, Theorems of Barth-Lefschetz type and Morse theory on the space of paths.
Math. Z. 229 (1998), no. 1, 77–89.
[29] L.-F. Tam, A Ka¨hler curvature operator has positive holomorphic sectional curvature, positive orthog-
onal bisectional curvature, but some negative bisectional curvature. Private communication.
[30] L.-F. Tam and C. Yu Some comparison theorems for Ka¨hler manifolds.Manuscripta Math. 137 (2012),
no. 3–4, 483–495.
[31] G. Tian, Canonical metrics in Ka¨hler geometry. Notes taken by Meike Akveld. Lectures in Mathematics
ETH Zu¨rich. Birkha¨user Verlag, Basel, 2000. vi+101 pp.
[32] Y. Tsukamoto, On Ka¨hlerian manifolds with positive holomorphic sectional curvature. Proc. Japan
Acad. 33 (1957), 333–335.
[33] B. Wilking, A Lie algebraic approach to Ricci flow invariant curvature condition and Harnack inequal-
ities, J. reine angew. Math. (Crelle), 679 (2013), 223–247.
[34] H. Wu The Bochner Techniques in Differential Geometry. Classical Topics in Mathematics, 6, High
Educational Press, Beijing 2017.
[35] D. Wu, S-T Yau, and F.-Y. Zheng, A degenerate Monge-Ampe`re equation and the boundary classes of
Ka¨hler cones, Math. Res. Lett. 16 (2009), no.2, 365–374.
[36] H. Wu and F.-Y. Zheng, Examples of positively curved complete Ka¨hler manifolds, Geometry and
analysis. No. 1, 517–542, Adv. Lect. Math., 17, Int. Press, Somerville, MA, 2011.
[37] X. Yang, RC-positivity, rational connectedness, and Yau’s conjecture, arXiv:1708.06713.
[38] B. Yang and F.-Y. Zheng, U(n)-invariant Ka¨hler-Ricci flow with nonnegative curvature, Comm. Anal.
Geom., 21 (2013), no. 2, 251–294.
[39] S.-T. Yau, On the Ricci curvature of a compact Ka¨hler manifold and the complex Monge-Ampe`re
equation. I. Comm. Pure Appl. Math. 31 (1978), no. 3, 339–411.
[40] S.-T. Yau, Problem section. Seminar on Differential Geometry, pp. 669–706, Ann. of Math. Stud.,
102, Princeton Univ. Press, Princeton, N.J., 1982.
30 LEI NI AND FANGYANG ZHENG
Lei Ni. Department of Mathematics, University of California, San Diego, La Jolla, CA 92093,
USA
E-mail address: lni@math.ucsd.edu
Fangyang Zheng. Department of Mathematics, The Ohio State University, Columbus, OH 43210,
USA
E-mail address: zheng.31@osu.edu
